(G, m)-Multiparking Functions 



Hungyung Chang a Po-Yi Huang b '* Jun Ma c 't Yeong-Nan Yeh d '* 

a ' c ' d Institute of Mathematics, Academia Sinica, Taipei, Taiwan 
b Department of Mathematics, National Cheng Kung University, Tainan, Taiwan 

Abstract 

The conceptions of G-parking functions and G-multiparking functions were introduced in 
[15] and [12] respectively. In this paper, let G be a connected graph with vertex set {1,2,..., n) 
and m £ V(G). We give the definition of (G, m)-multiparking function. This definition unifies 
the conceptions of G-parking function and G-multiparking function. We construct bijections 
between the set of (G, m)-multiparking functions and the set of J-~G,m of spanning color m-forests 
of G. Furthermore we define the (G, m)-multiparking complement function, give the reciprocity 
theorem for (G, m)-multiparking function and extend the results [25, 12] to (G, m)-multiparking 
function. Finally, we use a combinatorial methods to give a recursion of the generating function 

n 

of the sum YJ (1% of G-parking functions [a\, . . . , a n ). 

z=l 
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1 Introduction 

J. Riordan [17] define the parking function as follows: m parking spaces are arranged in a line, 
numbered 1 to n left to right; n cars, arriving successively, have initial parking preferences, a% for 
i, chosen independently and at random; (ai, • • • , a n ) is called preference function; if space is 
occupied, car i moves to the first unoccupied space to the right; if all the cars can be parked, then 
the preference function is called parking function. 

Konheim and Weiss [11] introduced the conception of the parking functions of length n in the 
study of the linear probes of random hashing function. J. Riordan [17] studied the parking functions 
and derived that the number of parking functions of length n is (n + l) n_1 , which coincides with the 
number of labeled trees on n + 1 vertices by Cayley's formula. Several bijections between the two 
sets are known (e.g., see [7, 17, 18]). Parking functions have been found in connection to many other 
combinatorial structures such as acyclic mappings, polytopes, non-crossing partitions, non-nesting 
partitions, hyperplane arrangements, etc. Refer to [8, 7, 9, 16, 19, 20] for more information. 
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Parking function (cti,--- ,a n ) can be redefined that its increasing rearrangement ,b n ) 
satisfies bi < i. Pitman and Stanley generalized the notion of parking functions in [16]. Let 
x = (x\, ■ ■ ■ , x n ) be a sequence of positive integers. The sequence a = (ai, • ■ ■ , a n ) is called an x- 
parking function if the non-decreasing rearrangement (61, ■ • ■ , b n ) of a satisfies hi < x\ + • • • + Xj for 
any 1 < i < n. Thus, the ordinary parking function is the case x = (1, • ■ ■ ,1). By the determinant 
formula of Goncarove polynomials, Kung and Yan [14] obtained the number of x-parking functions 
for an arbitrary x. See also [23, 24, 25] for the explicit formulas and properties for some specified 
cases of x. 

Recently, Postnikov and Shapiro [15] gave a new generalization, building on work of Cori, Rossin 
and Salvy [1], the G-parking functions of a graph. For the complete graph G = K n+ ±, the defined 
functions in [15] are exactly the classical parking functions. Chebikin and Pylyavskyy [2] established 
a family of bijections from the set of G-parking functions to the spanning trees of that graph. Then 
Dimitrije Kostic and Catherine H. Yan [12] proposed the notion of a G-multiparking function, a 
natural extension of the notion of a G-parking function and extended the result of [25] to arbitrary 
graphs. They constructed a family of bijections from the set of G-multiparking functions to the 
spanning forests of G. By the definition in [12], it is easy to see that the vertex 1 is always the root 
in all G-multiparking functions / if the vertex set of G is {1, 2, ... , n}. One of the motivations of 
this paper is to consider the case in which the vertex 1 isn't the root. So, we give the definition 
of (G, m)-multiparking function. This definition unifies the conceptions of G-parking function and 
G-multiparking function because a (G, m)-multiparking function is a G-multiparking functions and 
a G-parking functions when m = 1 and m = n respectively. Using the methods developed by 
Dimitrije Kostic and Catherine H. Yan [12], we construct bijections between the set A4V G,m of 
(G, m)-multiparking functions and the set of J-~G,m of spanning color m-forests of G. 

Richard Stanley's book [22], in the context of rational generating functions, devotes an entire 
section to exploring the relationships (called reciprocity relationships) between positively- and 
nonpositively- indexed terms of a sequence. If a = (ai, 02, • • • , a n ) is a K n+ i-parking function of 
length ra, then (n — ai, n — a,2, ■ ■ ■ ,n — a n ) is called a complement of the parking function a. It is 

n n 

easy to see that the sums XX n — a «) — ("^ ) ano ^ Yl a * are connected with the reciprocity law for 

i=i i=i 

n 

i^ n+ i-parking function. Also the sum ^ (n — aj) — { a ~^ 1 ) is one of the most important statistic of 

i=i 

-fT n +i-parking function. Knuth [10] indicated that it corresponds to the number of linear probes in 
hashing functions. Kreweras [13] concluded that it is equal to the number of inversions in labeled 
trees on [n + 1] • Also it coincides with the number of hyperplanes separating a given region from 
the base region in the extended Shi arrangements [21]. Catherine H. Yan [25] gave a combinatorial 
explanation, which revealed the underlying correspondence between the classical parking functions 
and labeled, connected graphs. Furthermore, for arbitrary graph G, Dimitrije Kostic and Catherine 
H. Yan [12] indicate the relations between G-inversions and G-multiparking functions. There is a 
interesting problem: how to define the complement of a (G, m)-multiparking function? In this 
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paper, we define the (G, m)-multiparking complement function, give the reciprocity theorem for 
(G, m)-multiparking function and extend the results [25, 12] to (G, m)-multiparking function. 

In [12], Dimitrije Kostic and Catherine H. Yan related G-multiparking functions to the Tutte 
polynomial To{x,y) of G. The generating function Pg(q) of G-parking functions is defined as 

e m 

Pg(q) = Y, q iev{G ^ where / ranges over all G-parking functions. Their results implies that 

/ 

Pc(q) = gl s ( G )H y ( G )lT G (l, i). Note that the Tutte polynomial of G satisfies the recursion 



T G (x,y) = { 



xTc- e {x,y) if e is a bridge 

yT G _ e (x,y) if e is a loop 

T G - e (x, y) + T G \ e (x, y) otherwise 



where G — e is a graph obtained by deleting the edge e and G\e is a graph obtained from G 
contracting the the vertices i and j from G. By a combinatorial method, we give a recursion of the 

n 

generating function of the sum Y a i °f G-parking functions (a±, . . . ,a n ). 

i=l 

This paper is organized as follows. In Section 2, we construct bijections between the set MVcm 
of (G, m)-multiparking functions and the set of TG,m of spanning color m-forests of G. In Section 
3, we define the (G, m)-multiparking complement function and study its properties. In Section 4, 

n 

by a combinatorial method, we obtain a recursion of the generating function of the sum Y a i °f 

i=i 

G-parking functions (ai, . . . , a n ). 



2 (G, m)-multiparking functions 

In this section, first we give the definition of (G, m)-multiparking function. Given a m G {1,2,..., n}, 
for any / C [n], let a(I, m) = min{i G / | i > m}. 

Definition 2.1 Let 1 < m < n and G be a connected graph with vertex set V(G) = {1, 2, • • • , n}. 
A (G, m) -multiparking function is a function f : V{G) -»NU {—1}, such that for every I C V(G) 
either (A) f(a(I,m)) = —1, or (B) there exists a vertex i G / such that < f(i) < outdegj(i). 

The vertices which satisfy f(i) = —1 in (A) will be called roots of /. Furthermore, we say that the 
vertex v is called a absolute root if /(f) = —1 in all (G, m)-multiparking functions /; and the vertex 
v is called a relative root if there are (G, m)-multiparking functions / and /' such that f{v) = —1 
and f'(v) > respectively. By Definition 2.1, it is easy to see that a (G, m)-multiparking function 
is a G-multiparking functions and a G-parking functions when m = 1 and m = n respectively. 

Let G be a connected graph with vertex set V{G) = [n], where [n] denote the set {1,2,..., n}. 
There are loops and multiple edges in G. Given m £ [n], let m be the absolute root of G. For any 
i,j G [n], let ^cihj) be the number of edges between the vertices i and j in G. For establishing 
the bijections, all edges of G are colored. The colors of edges connecting the vertices i and j are 
0, 1, • • • ,fic(i,j) — 1 respectively for any i,j £ V{G). We use {i,j}k to denote the edge e £ E(G) 
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connecting two vertices i and j with color k. A color m-sub forest F of G is a color subgraph of 
G without cycles such that there is a vertex j G [m, n] in every component of F. Let M.PG,m 
and Tg,txi be the sets of the (G, m)-multiparking functions and the spanning color m-forests of G 
respectively. For any F G J-'cm and e G F, let Ci?(e) denote the color of edge e in F. By modifying 
the algorithms A and B in [12], we construct the bijection $ between MPg,™ and Fc-m- Since 
the proof of the bijection is similar to the proof in [12], we only give the sketch of the proof in this 
paper. The following algorithm gives a mapping from MPG,m to FG,m- 
Algorithm A. (Kostic, Yan [12]) 

Step 1: Let val = f, P = 0, F = Q = {m}. 

Step 2: At time i > 1, let v = min{r(u>) | w G Qj_i}, where r is a vertex ranking in S n . 

Step 3: Let N = {w P{-\ | < vali(w) < fi(w,v) — 1 and {w, v} va i.i w \ G E{G)} and 
N = {w ^ Fj_i | vali(w) > fx(w,v) and {w,v} va i.r w \ G E(G)}. Set vali(w) = vali-\(w) — ^ig{w,v) 
for all w G N. For any other vertex u, set vali(w) = vali-\{w). Update P,, Qi and Fj by 
letting Pi = Pj_i U {v}, = U iV \ {u } if UiV\{ti}/i, otherwise = {u} where 
ti = a([n] \Pi,m). Let Fj be a graph on Fj U Qj whose edges are obtained from those of Fj_i by 
joining edges {w,v} vah _ l(w) for each w G N. 

Define $ = ®G,m,r ■ MPc,m — > Fg,™ by letting $(/) = F n . First, iterating the Steps 2-3 until 
n, we must have P n = [n] and Q n = 0. Otherwise, let P = [n] \ P n . Then /(z) > outdegp(i) 
for all i G F, a contradiction. Also, it is easy to see that each Fj is a forest since every edge 
{v,w}k in Fj \ Fj_i has one endpoint in V(Fi) \ F(Fj_i). In the above algorithm, let / be a 
(G, m)-multiparking function. Then each tree component T of <£(/) has exactly one vertex v with 
f(v) = —1. In particular, v = a(V(T),m). Thus, we have ^{AAPcm) Q pG,m- 

Let F G Fc,m- Suppose F is a component of F. Let a(V(T),m) be the root of T. For any 
non-root v G [n], there is an unique root r« which is connected with v. Define the height of v to be 
the number of edges in the path connecting v with root T{. If the height of a vertex w is less than 
the height of v and {v, w}k is an edge of F, then w is the predecessor of v, v is a child of w, and 
write w = pre F {v) and t> G childpiw). The following algorithm will give the inverse map of <I>. 

Let G be a connected color graph with a spanning color m-subforest F. A leaf of F is a vertex 
v G V(F) with degree 1 in F. Denote the set of leaves of F by Leaf(F). Let T 1 ,T 2 , ...T k be the 
trees of F with respective roots m = r\ < r 2 < ■ ■ ■ r^, where rj = a(V(Tj), m). 
Algorithm B (Kostic, Yan [12]). 

Step 1. Let r be a vertex ranking in S n . Assume vi,v 2 , ■ ■ ■ ,Vi are determined, where v\ = m. 
Let Vi = {v±, v 2 , ■ ■ ■ , Vi} and VFj = {v £ Vj | {v, w} G F for some w G Vj}. 

Case (1) If Wi = 0, let Vi + \ be the minimum vertex which is larger than or equal to m in the 
set V(G) \ Vi; 

Case (2) Otherwise, let F' be the forest obtained by restricting F to Vj U W. Let Vi + \ = 
min{T(w) j w G Leaf(F')}. 
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Step 2. Use cr(F) to denote the number of the connected components in F. Set f{r\) = 
/(^2) = • • • = f{r a (F)) = —1- For any other vertex v, let f{v) be equal to the sum of the color 
of the edge connecting the vertices v with prep(v) and the cardinality of the set N(v), where 
N(v) = N g ,f, t (v) = { Vj I {v, Vj } k G E(G) and Tr" 1 ^) < ^(pre^))}. 

Define ^ = * G ,m,r : J~ G,m -> MT>G,m by letting *G,m,r(/) = /f- For any J C [n], Let vr be 
the permutation defined in Step 1 of the Algorithm B. It is easy to see that there exists an unique 
integer k such that / C {ir(k),... ,vr(n)} = I' and ir(k) G /. If the vertex ir(k) isn't the root 
of a component in F, then we have < f(ir(k)) < outdegj/(ir(k)). So, f(ir(k)) < outdegi(ir(k)) 
since outdegj(ir(k)) < outdegj/(ir(k)). If the vertex ir(k) is the root of a component in F, then 
f(n(k)) = —1 and 7r(/c) = a(I',m). Clearly, ir(k) = a(I,m) since / C I'. Hence, by the Definition 
2.1, we have / = fp is a (G , ?7i)-multiparking function and ^(J~g,tti) — -M-PG^m- 

Finally, note that the order n = v±V2 ■ ■ ■ v n in the algorithm B is exactly the order in which 
vertices of G will be placed into the set Pi when running algorithm A on /. Thus, we have 
*($(/)) = /. Hence, = &G,m,r an d * = ^G,m,r ar e inverses of each other. We state these 
results as the following theorem. 

Theorem 2.1 (Kostic, Yan [12]) The mapping & is a bijection from MVG,m t° 3~G,m- 

By Algorithm B, we immediately obtain the following corollary. 

Corollary 2.2 (Kostic, Yan [12]) For any F G J^Cm, let fp be the (G , m) -multiparking function 
corresponding with F, i.e., fp = Let a(F) be the number of the connected components in 

F and R(F) the set of all the roots in F. Then £ f F (y) = £ c(e)+ £ ~^i F )- 

v£[n] eeE(F) v€V(G)\R(F) 

Proof. For any F G ^b,m, let fp = ^^ 1 (F). Recall that <r(F) is the number of the connected 
components in F. For any »E [n], if v is the minimal vertex which is no less than m in the tree of 
F, then fp(v) = —1; otherwise, fp(v) is the sum of the color of the edge e connecting the vertices 
v to prep(v) and the cardinality of the set N(v). Hence, 

£/*■(«) = 2 E M*0 

/f(»)/-1 

= E c ^( g )+ E 1^)1-^) 

eeE(F) veV(G)\R(F) 

I 

3 (C7, m) -multiparking complement functions 

In this section, we will define the (G, m)-multiparking complement function, give the reciprocity 
theorem for (G, m)-multiparking function. First, let degc(i) be the number of edges which arc 



5 



incident with the vertex i in the graph G. For any subset / C V(G) and i E I, define indegj(i) 
as the number of edges from i to vertices inside /. We give the definition of (G, m)-multiparking 
complement function as follows. 

Definition 3.1 Let m £ [n] and G be a connected graph with vertex set V(G) = [n]. A (G, m)- 
multiparking complement function is a function h : V(G) — > N, such that for every I C V(G) either 
(A) h(a(I,m)) = degc(a(I,m)) + l, or (B) there exists a vertex i £ I such that indegi(i) < h(i) < 
deg G (i). 

Given a function / : V{G) -^NU {—1}, define a function hf as hf(i) = deg G (i) — f(i) for all 
i £ V(G). The following lemma tells us the relation between (G, m)-multiparking functions and 
(G, m)-multiparking complement functions. 

Lemma 3.1 Let m £ [n] and G be a connected graph with vertex set V{G) = [n]. Then the 
function f is a (G, m) -multiparking function if and only if the function hf is a (G, m)-multiparking 
complement function. 

Proof. Let / £ MPG,m- For any I C V(G), if / contains no well-behaved vertices, then 
f(a(I,m)) = —1, thus, hf(a(L,m)) = deg G (a(I, m)) + 1; otherwise, there exists a vertex i £ / such 
that < f(i) < outdeg J (i), then indeg 7 (z) < hf(i) < deg G (i). Hence, hf is a (G, m)-multiparking 
complement function. I 
Let MVG,m be a set of all the (G, m)-multiparking complement functions. The generating 
function PG,m{o) of (G, m)-multiparking functions is defined as 

_ E m 

feMV G , m 

Define the generating function of (G, m)-multiparking complement functions to be the polynomial 

_ _ E h(i)-\E(G)\ 

heJAV G ,m 

^ E [deg G (i)~f(i)]-\E(G)\ 



q WG)\p Q . 



Clearly, the sums [degc{i) — /(*)] — 1-^(^)1 an< ^ Yl /(*) are connected with the reciprocity 

idV(G) ieV(G) 

law for (G, m)-mulitiparking function. Now, we are in a position to give the reciprocity theorem 
for (G, m)-multiparking function. 

A color forest F on [n] may appear as a subgraph of different graphs, and a vertex function / 
may be a (G, m)-multiparking function for different graphs. Let / = &(F). Recall that G — e be 
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a graph obtained by deleting the edge e = {i,j}k from G. We say an edge e = {i,j}k of G — F 
is F-redundant if &G-e,m(F) = f. There are the closed relations between (G, m)-multiparking 
complement functions and F-redundant edges of G. 

Let 7r be the order defined in Step 1 of Algorithm B. Note that it only depends on F and r, 
not the underlying graph G. We have the following lemma. 

Lemma 3.2 (Kostic, Yan [12]) Fix a vertex ranking r. An edge e = {v,w}k of G is F- 
redundant if and only if e is one of the following types: 

1. Both v and w are roots of F. 

2. v is a root and w are non-roots of F, and ir^ 1 (w) < ir~ l {y). 

3. v and w are non-roots and 7r~ 1 (preF(v)) < ir~ 1 (w) < 7r _1 (w). In this case v and w must lie 
in the same tree of F. 

4- e is a loop of G. 

5. e = {v,prep(v)}k with k > k' , where {v,prep(v)}k> G F. 

The results 1, 2 and 3 in Lemma 3.2 were proved in [12]. It is easy to see the results 4 and 5 
hold by the Algorithm A. 

By the above lemma, given a graph G, let F be a spanning color m-subforest of G. De- 
fine a function gp : V(G) — ► N by letting gp(i) to be the cardinality of the set {e = {i,j}k | 
e is F-redundant and 7r _1 (j) < 7r _1 (i)}. Define the generating function to be the polynomial 

E 9F(i) 

igAv) = E ? ev(G) 

Theorem 3.1 (the reciprocity theorem for (G,m)-multiparking function) 

Proof. We only prove the first identity. Note that gp(i) is the cardinality of the set {e = {i,j}k \ 
e is F-redundant and 7T _1 (j) < 7r _1 (i)}. By Corollary 2.2, we have 

\E(G)\ = £ g F (i)+ £ |tf(i)| + X>(e) + |£(F)| 

ieV(G) /f(^-1 e€F 

= E 9F(i)+ E \N(i)\ + Y J c F^) + \ v ^ G )\-^ F ) 
= E fH0+ E Mo + mcoi- 

ieV(G) iev(G) 
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Therefore, 



\e(g)\- e m 

q 

feMP G ,, 



_ £ 9F(i)+V(G) 

= 7 q^v(G) 

F&T G,m 



4 The recursion for the generating functions Pg,u(q) 

In this section, we always let m = n. In this situation, a spanning color n-subforest of G is 
a spanning color tree of G with root n since G is connected, and a (G, n)-multiparking func- 
tion is a G-parking function. Let Tq = {T \ T is a spanning color tree of G} and P G = {/ I 
/ is a G-parking function}. We write P G , n (<?) as P G (<?) for short. There is a bijection <I> = <3> G T be- 
tween the sets T G and P G . For any T G T G , define w G (T) = £ Then P G (<?) = q WG(T) - 

i=i Ter G 
First, the Algorithms ^4 and 5 tell us that G-parking functions are independent on the loops 

in G. So, we obtain the following result. 



Lemma 4.1 Suppose that e is a loop of G. Then P G ((?) = Pc-e(q)- 

Now, suppose that G has a bridge e = {i,j}o- After deleting the edge e, we let G\ be the 
subgraph of G such that {n,i} C V(Gi) and G2 another subgraph of G obtained by letting the 
label of the vertex j become n + 1. 

Lemma 4.2 Suppose that e = {i, j}o is a bridge of G. Then Pg(q) = qPG 1 (q)Pc 2 (q)- 

Proof. For any T\ G 7 Gl and T2 G Tg^, the trees T\ and T2 have the roots n and n + 1 respectively. 
Let T be a tree obtained by setting the label of the vertex n + 1 as j and adding j to be the child 
of the vertex i. Then T is a spanning color tree of G. Conversely, for any T G Tfj, after deleting 
the edge e, we let T\ be the subgraph of T such that {n, i} C V(Ti) and T2 another subgraph of T 
obtained by letting the label of the vertex j become n + 1. Then Tj G 7 Gi for i = 1,2. Take the 
vertex ranking r such that r(i) = n — 1 and r(j) = n — 2. Then wg{T) = u> Gl (Ti) + ^2(^2) + 1 
since e is a bridge of G. This implies that 

Hence, we have P G (g) = qP Gl {q)PG 2 {q)- ■ 
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Now, we consider the case in which e = {i,j}k is neither a loop nor a bridge with i > j. Define 
a graph G\e as follows. The graph G\e is obtained from G contracting the the vertices i and j; 
that is, to get G\e we identify two vertices i and j as a new vertex i. First, we discuss the cases in 
which e is incident with the root n. 

Lemma 4.3 Suppose that e = {n, i}k G E{G) and e is neither a loop nor a bridge in G. Then 
P G (q)=qP G - e {q) + P GV (q). 

Proof. First, we take the vertex ranking r such that r(i) = 1. Let T Gfi = {T G T G \ e £ T} U {T G 
T G | e G T and cr(e) > 1} and 7g,i = {T G T G \ e G T and Qr(e) = 0}. Given a spanning color 
tree T of G, let 7r = ttt, t be a permutation 7r = (vr(l), vr(2), . . . , 7r(n)) = (viV2 ■ ■ ■ v n ) on the vertices 
of G by Step 1 of the Algorithm B. For any T G T Gj o, if e ^ T, suppose j = prex{i), then j / n 
and vr _1 (j) + 1 = vr _1 (i) since r(z) = 1. Thus w G - e (T) = w G (T) — 1 since T is a spanning color 
tree of G — e as well. If e G T and cr(e) > 1, then let T' be the tree obtained by setting the color 
of the edge e as cx{e) — 1. The tree T 1 is a spanning color tree of G — e and w G - e (T) = w G (T) — 1. 

For any T G Tg i, it is easy to see that prex{i) = n and vr _1 (i) = 2. Let ^4 be the set of 
the vertices j G childx(i) such that n G N(j). Since CT(e) = 0, let T" be the tree obtained by 
deleting the vertex i, attaching the vertex j to be the child of n and setting the color of the edge 
{n,j} as ct({«, j}) + Li G (n,j) for all j G A. The tree T' can be viewed as a spanning color tree 
of G \ e. Clearly, w G \ e (T') = w G (T). Conversely, Given a tree T' G T G \ e , let A be the set of the 
vertices which is adjacent to n in T such that either CT{{n,j}) > ^ G (n^j) or j isn't adjacent to 
n in G. Add a new vertex i, attach i to be the child of n and let the color of the edge {n, i} be 
0. Then delete the edges {n, j}, attach j to be the child of i and setting the color of {n,j} as 
c T({n,j}) — fi G (n,j) for all j G A The obtained tree can be viewed as a spanning color tree of G. 
Hence, P G (q) = qP G . e (q) + P G \ e (q) . I 

Next, we discuss the case in which e isn't incident with the root n. Suppose e = {i,j}k G E(G) 
with i > j. Take the vertex ranking r such that r(i) = 1 and r(j) = 2. Define the following six 
sets: 

(1) f G = {T eT G \e^T and pre T {j) / pre T (i)} 

(2) f G0 = {T&T G \ei T,pre T {j) = pre T (i) and c T ({j,pre T {i)}) + 0} 

(3) Tg = {T G T G | e g T,pre T {j) = pre T {i) and c T ({j>re T (i)}) = 0} 

(4) f G1 = {T G T G | e G T and c T (e) > 1} 

(5) = {T G T G j e G T^^ii) < ^{j^prerty € N GjT {j) and c T (e) = 0}, where 
N G , T (v) = {vj | {v,Vj} k G E(G) and vr- 1 ^) < vr-^pre^^))}. 

(6) f GA = {TeT G \eeT}\ (f I ;1 U Tg >2 ) . 

Lemma 4.4 Suppose that e = {i,j}k G ^(G) ari ^ e is neither a loop nor a bridge in G. There 
is a bijection V> from f G Q U f G Q U f G l U fg ^ to T G _ e . Moreover, w G - e (i/)(T)) = w G (T) - 1 /or 
anyTef^UT^uf^uf^. 
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Proof. For any T G T G , let ip(T) = T. ip(T) can be viewed as a spanning tree of G — e. Moreover, 
WG-e(T) = w G (T) - 1. 

For any T E T G0 , suppose v = prex{i)- Since cr({j, v}) 7^ 0, let T' be the tree obtained by 
setting the color of {j, v} as ct({j, v}) — 1. The tree T' can be viewed as a spanning tree of G — e 
and satisfies that prey(i) = pr e T'{j) an d cr'{{j,v}) < HG-e{j,v) — 2 = fia(j,v) — 2. Moreover, 
w G-e(T r ) = w G (T) - 1. 

For any T G Tq l5 let T' be the tree obtained by setting the color of {i, j} as cr(i,j) — 1. The tree 
T' can be viewed as a spanning tree of G — e and cx'({i,j}) > 0. Moreover, WG~ e (T') = wq(T) — 1. 

For any T G T G x , suppose that i> = prer(i). Let T' be the tree obtained by deleting the edge 
{i,j}o, attaching j to be the child of v and setting the color of the edge {v,j} as hg{Pi3) — 1. Since 
v G the tree T 1 can be viewed as a spanning tree of G — e, ct'({j, v}) = [j,G-e(j, v ) ~ 1 = 

VgUiv) — 1 andpreT'(^) = P r &T'(j)- Moreover, wc-e{T') = wg(T) — 1. This complete the proof.l 

Lemma 4.5 Suppose that e = {i,j}k G -E-(C) and e is neither a loop nor a bridge in G. There 
is a bijection ip' from f GQ U x to T G \ e . Moreover, w G \ e (ip(T)) = wg{T) for any f G Q U f G1 . 

Proof. For any T G T G , suppose v = prex(j)- Let T' be the tree obtained by deleting the vertex 
j, attaching the vertex w to be the child of i and setting the color of {i, w} as cx({j, w}) + HG(h 
for any u; G childr(j). The tree T 1 can be viewed as a spanning tree of G \ e and < Qr'({i, v }) < 
Mg({*M) - 1. Moreover, w G \ e (T') = w G (T). 

For any T eT G1 , we always have ct({z, j}) = 0. we discuss the following three cases: 

Case 1. vr 7 ; 1 (i) < tr^ti) and prerii) £ 

Let T' be the tree obtained by deleting the vertex j, attaching w to be the child of i and setting 
the color of the edge {w, i} as cx({j, w}) + ^{h w) for all w G childr(j). The tree T' can be viewed 
as a spanning tree of G \ e. Moreover, w G \ e (T') = wg(T). 

Case 2. ^{i) > n^ti) and prer{j) £ N(i) 

Suppose v = prexij)- Let T' be the tree obtained by deleting the vertex j, attaching i to be 
the child of v, attaching w to be the children of i for all w G childr(i) and setting the color of the 
edge {u,i} as CT({i,u}) + ^g{3-, u ) f° r all u G childy(i). The tree T' can be viewed as a spanning 
tree of G \ e. Moreover, w G \ e (T') = wq{T). 

Case 3. ^ l {i) > ir^lj) and prex{j) G NG,r{i) 

Suppose that v = prex(j)- Let T' be the tree obtained by deleting the vertex j, attaching i to 
be the child of v, attaching w to be the children of i for all w G child^C?) and setting the color 
of the edge {w,i} as ct({i,w}) + hg(j,w) for all w G childxii) and the color of the edge {v,i} as 
ct({j, v})+fiG(h v )- The tree T' can be viewed as a spanning tree of G\e and ct'({i, v}) > /Uc(i, f). 
Moreover, w G - e {T') = w G {T). 

Conversely, for any T G Tg\ e , suppose v = prexii)- we consider the following three cases. 

Case 1. HG(i,v) > 1, ^g{j-,v) > 1 and < ct({i,v}) < [XG(hv) — 1. 
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Add a new vertex j and attach j to be the child of v. Let the color of {v,j} be 0. For any 
w € childy(i), if CT({i,w}) > fxa(i,w) or fj,o(i,w) = 0, then delete the edge {i,w} and attach w to 
be the child of j, let the color of {j, w} be cx{{i, w}) ~~ Mg(*> w). The obtained tree can be view as 
a spanning tree of G. 

Case 2. /j,G(i,v) > 1, //g(.7> v) > 1 and cx({i,v}) > fj,a{i,v) 

Add a new vertex j and attach j to be the child of v. Delete the edge {v, i} and attach i to 
be the child of j. Let the color of {v, j} be cr{{i,v}) — /j,g(i,v) and the color of {i,j} 0. For 
any w € childy^), if CT({i,w}) > fj>G(j,w) or fjbQ{j,w} = 0, then let the color of the edges {i,w} 
be CT({i,w}) — hg{j-,w); otherwise delete the edge {i,w} and attach w to be the child of j. The 
obtained tree can be view as a spanning tree of G. 

Case 3. There is exact one vertex w such that hg(w,v) > 1 for w £ {i,j} 

We first consider the case /iG(i,v) > 1, fia(jj v ) = 0. Add a new vertex j and attach j to 
be the child of i. Let the color of {i,j} be 0. For any w £ childj'(i), if CT({i,w}) > fioihw) or 
fio(i,w) = 0, then delete the edge {i,w} and attach w to be the son of j. Let the color of {j,w} 
be ct{{%, w}) — ncih w )- The obtained tree can be view as a spanning tree of G. Similarly, we may 
consider the case fio(i,v) = 0, fiG{j,v) > 1. The proof is completed. I 

Theorem 4.1 Suppose that e € -E'(G) and e is neither a loop nor a bridge in G. Then 

P G (q) = qP G ~e{q) + P G \e{<l)- 
Proof. Combining Lemmas 4.4 and 4.5, we obtain the results as desired. I 
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